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!¹ºº»-¼½ﬀ¾¿V»,ÀVÁﬀÂÃÄ¹ºJ½ﬀ¿ÄÅÆ"ÇÈÀV¿VºJÉ¾VÊJ½ﬀÅÆ"ÇË¼ÌVÊJ¾¹½¼¾ÍÎ¾VÊÀV¿ÅÏ;ÊJ¾¹
H =
H0 +V (n−m),
ÀÊJÇVºJ½ﬀÁﬀÂÐ%Ñ6¿ÇmÁ6Ì¾V¼ﬀºJ½ﬀ¾¹ÅVºJ½ﬀÁÊ
l2(Z2).
7ÀÊºJÒ
H0
¼Ì¾VÊÀÊÓVÔÕ
ÊJ½ºÔeÖ+¼¾V»ÂÓ¼Ç
(H0ψ)(n,m) = ψ(n+1,m)+ψ(n−1,m)+ψ(n,m+1)+ψ(n,m−1), n,m ∈ Z.
×
¾VÊÀVÌV¼Ó¹Ï¹Ê»"ØÄ½¼&Ö1ÂÅÉÙ¿Ô
V (n−m) ÅVÊJÅÂÓÊJÁ¹Ô	ØÁÊJÑfÊºJ½ﬀÁÊJÅÅ¹Ô^¿^ÂÀ¼ÁÓÊÕ
½ﬀÁ¼¾ÔÊJ½q¼ÙVÊJÅÉÊ
|V (n)| 6 Ce−a|n|, a > 0.
!¹ºº»/¹½ﬀ¾¿Á¹Ê»Æ@ÊÚÁÛ¾¹Üﬀ¼½Ê¼ÌVÊJ¾¹½¼¾Æ\Á¼ÝÅ¿É¹Ð%½ÛÁÛ½Ê¼¾¿¿ËºJÌ¿ÅV¼ÁﬀÆÃ
Á¼ÓVÅÞÌ¾¿Þ¾VÊJßfÊJÅ¿¿ÞÂ¾¹ÁﬀÅVÊJÅ¿ÔÞàÊJÇÝ;ÊJÅVÜﬀÊJ¾Ï¹áºâÌV¼ﬀ»-¼Ñ6ÒﬀÐ¹ÅÝC¹Ù¹ãÊJ½ÊäÀÓVÔ
ÀVÁﬀÂÃ»/¹ÏÅV¼ÅÅÆÃáº¼ﬀºJ½¼;ÔÅ¿ÇËÕfº¼ﬀºJ½¼;ÔÅ¿ÇåºaÀVÁﬀÂ»ÔÌVÊJ¾VÊJÁÊJ¾ÅÂ½ﬀÆ@»¿åºJÌ¿Å¹»¿
Õ/ÁgÙVÊJÌV¼ÄÉ¹CÃ¹½¼ﬀ»-¼ÁæH:çè<
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H(k),
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k
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H(k),
¼½ﬀÁÊJÄ¹ÐﬃÕ
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¿V¼ÅV¼ÁgÅ¹
ν
Õn»-ÊJ¾ÅV¼Ç¾VÊJßfÊJ½ﬀÉÊ
Z
ν ,
ν > 1,
ÏÀÊ
k ∈ (−pi, pi]ν . ? ¼É¹ÝC¹ÅV¼ØSÄ½¼aÀÓVÔâÓVÐ3Üﬀ¼Ï;¼ ν À¹ÅÅÆ"Çì¼ÌVÊJ¾¹½¼¾
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H(0)
¿V»-ÊÊJ½ÛÁﬀ¿¾½ﬀÂ¹CÓVÒﬀÅÆ"ÇáÂ¾V¼ÁÊJÅÒáï
ν = 1, 2 ð
¿ÓV¿áº¼ﬀÜﬀºJ½ﬀÁÊJÅÅV¼ﬀÊ
ÝÅ¹ÄVÊJÅ¿VÊëï
ν 6 3 ð
Å¹äÀVÅVÊ)ºJÂÑfÊºJ½ﬀÁÊJÅÅV¼Ï;¼ìºJÌVÊJÉ½ﬀ¾¹<êñ¾¹Üﬀ¼½Êòæ Iﬀç%¿Vºº ÓÊÀVÂÕ
ÊJ½ºÔ^ÀVÁﬀÂÃÄ¹ºJ½ﬀ¿ÄÅÆ"ÇaÀV¿VºJÉ¾VÊJ½ﬀÅÆ"Çe¼ÌVÊJ¾¹½¼¾eº%ÌV¼½ÊJÅÙ¿¹CÓ¼ﬀ»ëÁﬀÝC¹¿V»-¼ÀÊJÇVºJ½ﬀÁﬀ¿Ô
V = µδn1,n2 ,
ÏÀÊ
δn1,n2 ó
ºJ¿V»Á¼Ó23¾V¼ÅVÊJÉÊJ¾¹<
>
ºJ½C¹ÅV¼ÁÓÊJÅV¼ØÄ½¼ô½¼½Ú¼ÌVÊÕ
¾¹½¼¾Ì¾¿Ö1¿ÉºJ¿¾V¼Á¹ÅÅV¼ﬀ»õÉÁ¹Ý¿¿V»ÌÂÓVÒºÊeÓV¿VÜﬀ¼â¿V»-ÊÊJ½òÊÀV¿ÅVºJ½ﬀÁÊJÅÅV¼ﬀÊ)º¼ﬀÜÕ
ºJ½ﬀÁÊJÅÅV¼ﬀÊ+ÝÅ¹ÄVÊJÅ¿VÊﬀØÓV¿VÜﬀ¼ZÅVÊ3¿V»-ÊÊJ½qº¼ﬀÜﬀºJ½ﬀÁÊJÅÅÆÃaÝÅ¹ÄVÊJÅ¿Ç)ÁZÝC¹Áﬀ¿VºJ¿V»-¼ﬀºJ½ﬀ¿)¼½
ÝÅ¹ÄVÊJÅ¿ÇôÅVÊJ¾Ï¿¿ÁﬀÝC¹¿V»-¼ÀÊJÇVºJ½ﬀÁﬀ¿Ô
µ > 0
¿aÉÁ¹Ý¿¿V»ÌÂÓVÒº;¹<
êc¾¹Üﬀ¼½Ê)æ ACç ÌV¼ÓVÂÄVÊJÅòÌVÊJ¾ÁﬀÆ"ÇÛÄÓÊJÅÛÁÚ¹ºJ¿V»Ì½¼½ﬀ¿ÄVÊºJÉ¼ﬀ»c¾¹ÝJÓ¼;î6ÊJÅ¿¿ìÌV¼
ε
ÉÁ¹Ý¿Â¾V¼ÁﬀÅVÊJÇÚÀVÁﬀÂÃÄ¹ºJ½ﬀ¿ÄÅV¼Ï;¼e¼ÌVÊJ¾¹½¼¾¹mÍÎ¾VÊÀV¿ÅÏ;ÊJ¾¹
H0(k) + εV,
Ì¾¿
À¼ﬀºJ½C¹½¼ÄÅV¼f»/¹CÓVÆÃ
ε.
êìÀ¹ÅÅV¼ÇmºJ½C¹½ﬀÒÊﬃÅ¹ÇÀÊJÅqÄÓÊJÅ^Áﬀ½¼¾V¼Ï;¼&ÌV¼¾ÔÀVÉ¹&Á&ÂÉ¹CÕ
ÝC¹ÅÅV¼ﬀ»ë¾¹ÝJÓ¼;î6ÊJÅ¿¿¬<
#%Üﬀ¼ÝÅ¹Ä¿V»áÄVÊJ¾VÊJÝ
R0(λ) = (H0 − λ)−1
¾VÊJÝ;¼ÓVÒﬀÁÊJÅ½ﬀÂ)¼ÌVÊJ¾¹½¼¾¹
H0.
01ÊÕ
¾VÊJÝ
σ(A)(σess(A))
ÜÂÀÊ»Û¼ﬀÜﬀ¼ÝÅ¹Ä¹½ﬀÒféJÌVÊJÉ½ﬀ¾ÚïöºJÂÑfÊºJ½ﬀÁÊJÅÅÆ"ÇmºJÌVÊJÉ½ﬀ¾
ð
¼ÌVÊJ¾¹CÕ
½¼¾¹
A.
÷"ø/ù
]&úSµûSüý¸ýSµþß ´µ·SüâßúSµýüßý
H0(k)
!¹ºº»-¼½ﬀ¾¿V»ÂÅ¿½C¹¾ÅÆ"Ç)¼ÌVÊJ¾¹½¼¾
U : l2(Z2) → l2(Z)⊗ L2([−pi, pi)),
¼Ì¾VÊÀÊÓVÔÊ»Æ"Ç)Ö+¼¾V»ÂÓ¼Ç
(Uψ)(n, k) = (2pi)−1/2
∑
ν∈ 
e−i(k,ν)ψ(n+ ν, ν),
ÏÀÊ1Ì¹¾¹»-ÊJ½ﬀ¾
k ∈ [−pi, pi) Å¹ÝÆ"Á¹ÊJ½ºÔ	
ﬀﬀ+<
ﬁ
ÌV¼ﬀ»-¼Ñ6ÒﬀÐÎ¼½¼ﬀÜ¾¹î6ÊJÅ¿Ô
U
»-¼;îZÅV¼g¾¹ÝJÓ¼;îZ¿½ﬀÒq¼ÌVÊJ¾¹½¼¾
H
ÁZÌ¾Ô»-¼ﬀ»
¿Å½ÊJÏ¾¹CÓÊ+Ì¾V¼ﬀºJ½ﬀ¾¹ÅVºJ½ﬀÁÚïöÜﬀ¼ÓÊÊ+ÌV¼ÀV¾V¼ﬀÜÅV¼^º»"<¬æ ACç
ð∫ ⊕
[−pi,pi)
l2(Z) dk = l2(Z)⊗ L2([−pi, pi)).
ﬂ/ÓÊÀ¼Á¹½ÊÓVÒﬀÅV¼Ø@¿Vºº ÓÊÀ¼Á¹Å¿VÊÛ¼ÌVÊJ¾¹½¼¾¹
H
ôÉÁﬀ¿Á¹CÓÊJÅ½ﬀÅV¼ë¿Vºº ÓÊÀ¼Á¹Å¿Ð
ºÊ»-ÊJÇVºJ½ﬀÁ¹m¼ÌVÊJ¾¹½¼¾V¼Á
H(k) = H0(k) + V (n),
ÀÊJÇVºJ½ﬀÁﬀÂÐ%Ñ6¿Ã)Ì¾¿äÖ1¿ÉºJ¿¾V¼Õ
Á¹ÅÅV¼ﬀ»
k
ÁZÌ¾V¼ﬀºJ½ﬀ¾¹ÅVºJ½ﬀÁÊ
l2(Z).
ﬁ
ÌVÊJÉ½ﬀ¾¼ÌVÊJ¾¹½¼¾¹
H0(k)
ïöº»"<¬æ ACç
ð
º¼ÁﬀÌ¹CÀ¹ÊJ½qº1¼½ﬀ¾VÊJÝÉ¼ﬀ»
[
−4 cos(k/2), 4 cos(k/2)
]
.
S¹ÉZÉ¹É
V (n)
Ì¾VÊÀºJ½C¹ÁÓVÔÊJ½&¼½ﬀÅV¼ﬀºJ¿½ÊÓVÒﬀÅV¼1É¼ﬀ»Ì¹É½ﬀÅV¼ﬀÊ@Á¼Ý;»ÂÑfÊJÅ¿VÊ"¼ÌVÊÕ
¾¹½¼¾¹
H0(k),
½¼Zº¼ÏÓ¹ºJÅV¼ æ KCç
σess
(
H(k)
)
= σ
(
H0(k)
)
.
:ﬀ:JI ﬂg< .@<V')¼¾V¼Ý;¼Á¹
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ﬂ ¼ÏÓ¹ºJÅV¼æ AØB;ç¬ÔÀV¾V¼Z¾VÊJÝ;¼ÓVÒﬀÁÊJÅ½ﬀÆc¼ÌVÊJ¾¹½¼¾¹
H0(k)
¿V»-ÊÊJ½gÁﬀ¿À
G0(n, k, λ) = − e
ikn/2√
λ2 − 16 cos2(k/2)
[
g(
λ
4 cos(k/2)
)
]|n|
,
ÏÀÊ
g(z) = z −√z2 − 1 ¼ﬀÜ¾¹½ﬀÅ¹ÔeÖ1ÂÅÉÙ¿Ô^ÉaÖ1ÂÅÉÙ¿¿ﬃ ÂÉ¼ÁºJÉ¼Ï;¼<4&ÂÅÉÕ
Ù¿Ô
G0
¹Å¹CÓV¿½ﬀ¿ÄVÊºJÉ¿âÌ¾V¼À¼ÓVî&¹ÊJ½ºÔâÌV¼
λ
Å¹gÀVÁﬀÂÃÓV¿VºJ½ﬀÅÂÐ,¾¿V»/¹ÅV¼ÁﬀÂÌV¼Õ
ÁÊJ¾ÃÅV¼ﬀºJ½ﬀÒ M, ¼Ì¾VÊÀÊÓVÔÊ»ÂÐ\Ö1ÂÅÉÙ¿VÊJÇ g(λ/4 cos(k/2)), ÓV¿VºJ½ﬀÆ É¼½¼¾V¼Ç
ºJÉÓÊJ¿Á¹Ð%½ºÔeÁÀ¼ÓVÒ
[−4 cos(k/2), 4 cos(k/2)].
>
¾¹ÁﬀÅVÊJÅ¿VÊ&ÍÎ¾VÊÀV¿ÅÏ;ÊJ¾¹
(
H0(k) + εV
)
ψ = λψ,
¾¹ºº»/¹½ﬀ¾¿Á¹Ê»-¼ﬀÊ&ÁZÉÓ¹ººÊ
l2(Z),
ÌVÊJ¾VÊJÌ¿ßfÊ»ëÀÓVÔ
λ /∈ σ(H0(k))
ÁgÁﬀ¿ÀÊ
ψ = −εR0(k, λ)V ψ.
ï :ﬀ<H:
ð
ê ÁÊÀÊ»ë¼ﬀÜﬀ¼ÝÅ¹ÄVÊJÅ¿VÊ
√
V =
√
|V |sgnV ï ½¼ÓVÒﬀÉ¼fÀÓVÔ √V ð <Vﬂ/ÀÊÓ¹Ê»ìÁfÂ¾¹ÁÕ
ÅVÊJÅ¿¿Ûï
1.1 ð
ÝC¹»-ÊJÅÂØÌV¼Ó¹Ï¹Ô	ØÄ½¼
ϕ =
√
|V |ψ, ½¼ÏÀ¹fÂ¾¹ÁﬀÅVÊJÅ¿VÊ^ï 1.1 ð Ì¾¿Õ
»-ÊJ½gÁﬀ¿À
ϕ = −ε
√
|V |R0(k, λ)
√
V ϕ.
ï :ﬀ< 8
ð
ﬂ/ÀÊÓ¹ÅÅ¹ÔäÝC¹»-ÊJÅ¹qÌV¼ÝÁ¼ÓVÔÊJ½¿Vºº ÓÊÀ¼Á¹½ﬀÒÁ
l2(Z)
ÅVÊf½¼ÓVÒﬀÉ¼eº¼ﬀÜﬀºJ½ﬀÁÊJÅÕ
ÅÆ@ÊfÝÅ¹ÄVÊJÅ¿Ôáï Áaô½¼ﬀ»íº ÓVÂÄ¹Ê
ψ ∈ l2(Z) ð ØÅV¼m¿ä¾VÊJÝ;¼Å¹ÅVºJÆ+Ø¬É¼ÏÀ¹ ψ ôÉÌV¼Õ
ÅVÊJÅÙ¿¹CÓVÒﬀÅV¼gÁ¼Ý¾¹ºJ½C¹ÊJ½<
ê ÁÊÀÊ»È¼ﬀÜﬀ¼ÝÅ¹ÄVÊJÅ¿VÊ
Hε(k) = H0(k) + εV.
XZúSýSµ¶/µ  -µ·S¸Sµ
øù
03¿Vº Ó¼
λ,
Ì¾¿Å¹CÀÓÊJî&¹ÑfÊÊ&Áﬀ½¼¾V¼ﬀ»ÂaÓV¿VºJ½ﬀÂa¾¿V»/¹ÅV¼Á¼Ç
ÌV¼ÁÊJ¾ÃÅV¼ﬀºJ½ﬀ¿ M, ÜÂÀÊ»QÅ¹ÝÆ"Á¹½ﬀÒ"!$#%&'&ﬀﬀõ¼ÌVÊJ¾¹½¼¾¹ Hε(k),
Êº ÓV¿ëºJÂÕ
ÑfÊºJ½ﬀÁﬀÂÊJ½gÅVÊJÅÂÓÊJÁ¼ﬀÊ+¾VÊJßfÊJÅ¿VÊ
ϕ ∈ l2(Z) Â¾¹ÁﬀÅVÊJÅ¿ÔÛï 1.2 ð <
XZúSýSµ¶/µ  -µ·S¸Sµ"(
ù*)

+!,'
&-#. ¼ÌVÊJ¾¹½¼¾¹,ÜÂÀÊ» Å¹ÝÆ"Á¹½ﬀÒ5ÊJÏ;¼,º¼ﬀÜÕ
ºJ½ﬀÁÊJÅÅV¼ﬀÊ+ÝÅ¹ÄVÊJÅ¿VÊ+¿ÓV¿e¾VÊJÝ;¼Å¹ÅVºﬀ<
XZúSýSµ¶/µ  -µ·S¸Sµ0/
ù*)
!'12&ﬀ123ëÉÁ¹Ý¿Â¾V¼ÁﬀÅÔÜÂÀÊ»ëÅ¹ÝÆ"Á¹½ﬀÒ
dimker
(
1 +
√
|V |R0(k, λ
)√
V ).
ê ÁÊÀÊ»õÁì¼É¾VÊºJ½ﬀÅV¼ﬀºJ½CÔÃËÏ¾¹Å¿ÄÅÆÃá½¼ÄVÊJÉ ±4 cos(k/2) ºJÂÑfÊºJ½ﬀÁÊJÅÅV¼Ï;¼
ºJÌVÊJÉ½ﬀ¾¹Z¼ÌVÊJ¾¹½¼¾¹
H(k)
ÅV¼ÁﬀÂÐÞÌVÊJ¾VÊ»-ÊJÅÅÂÐ
κ = ∓i
√
λ2 − 16 cos2(k/2), ï :ﬀ< G ð
#%Ü^¹ºJ¿V»Ì½¼½ﬀ¿ÉÊ&ÉÁ¹Ý¿Â¾V¼ÁﬀÅVÊJÇeÀVÁﬀÂÃÄ¹ºJ½ﬀ¿ÄÅV¼Ï;¼ZÀV¿VºJÉ¾VÊJ½ﬀÅV¼Ï;¼^¼ÌVÊJ¾¹½¼¾¹+:ﬀ:;A
ﬁﬃﬂ "! #%$&#%')(+*,(,')ﬁ-"./')ﬁ-"(101. ﬂ 21ﬁ3*546(+7(121ﬁ 8ﬀ9:;9<=,:
½¼ÏÀ¹
λ = ±i
√
κ2 − 16 cos2(k/2).
21¼¾VÊJÅÒ^ÝJÀÊºJÒ^Ì¾VÊÀVÌV¼Ó¹Ï¹ÊJ½ºÔ)ÀVÁﬀÂÃÝÅ¹ÄÅÆ@»"ØÊJÏ;¼g¾¿V»/¹ÅV¼Á¹gÌV¼ÁÊJ¾ÃÅV¼ﬀºJ½ﬀÒ
º¼ÁﬀÌ¹CÀ¹ÊJ½6º"¾¿V»/¹ÅV¼Á¼ÇqÌV¼ÁÊJ¾ÃÅV¼ﬀºJ½ﬀÒﬀÐQÖ1ÂÅÉÙ¿¿
G0.
(3Ý;»-ÊJÅVÊJÅ¿Ð
λ
Å¹%ÀVÁﬀÂÃ
ÓV¿VºJ½C¹CÃf¾¿V»/¹ÅV¼Á¼ÇgÌV¼ÁÊJ¾ÃÅV¼ﬀºJ½ﬀ¿^Á+¼É¾VÊºJ½ﬀÅV¼ﬀºJ½CÔÃZ½¼ÄVÊJÉ ±4 cos(k/2) ¼½ﬀÁÊJÄ¹ÊJ½
¿Ý;»-ÊJÅVÊJÅ¿VÊ
κ
Á^¼É¾VÊºJ½ﬀÅV¼ﬀºJ½ﬀ¿ÅÂÓVÔaÉ¼ﬀ»ÌÓÊJÉºJÅV¼Ç)ÌÓ¼ﬀºJÉ¼ﬀºJ½ﬀ¿¬<
ê ÁÊÀÊ»È¼ﬀÜﬀ¼ÝÅ¹ÄVÊJÅ¿VÊ
G±(n, k,κ) = G0
(
n, k,±
√
κ2 − 16 cos2(k/2) ) =
= ∓exp
(
i(kn∓ pi|n|)/2)
iκ
[
g
( κ
4 cos(k/2)
)]|n|
.
ï :ﬀ< I
ð
×
¼Ó¼;îZ¿V»ÈÀ¹CÓÊÊ
G˜±(n, k,κ) = ∓
exp
[
i(kn∓ pi|n|)/2]
iκ
([
g
( κ
4 cos(k/2)
)]|n| − [g(0)]|n|) .
ï :ﬀ< A
ð
7ÀÊºJÒ
g(0) = −i.
#%Üﬀ¼ÝÅ¹Ä¿V»ÚÄVÊJ¾VÊJÝ
R˜±0 (k,κ)
¾VÊJÝ;¼ÓVÒﬀÁÊJÅ½ﬀÂf¼ÌVÊJ¾¹½¼¾¹
H0(k)
ÌV¼ﬀº ÓÊ ÝC¹»-ÊJÅÆ
ï
1.3 ð
<V¼ÏÀ¹ZÂ¾¹ÁﬀÅVÊJÅ¿VÊ^ï
1.2 ð
Ì¾¿V»-ÊJ½^Áﬀ¿À
ϕ = −ε
√
|V |R˜±0 (k,κ)
√
V ϕ.
ï :ﬀ< K
ð
#%Üﬀ¼ÝÅ¹Ä¿V»ÄVÊJ¾VÊJÝ
M±(k,κ)
¼ÌVÊJ¾¹½¼¾ÅV¼ÝÅ¹ÄÅÂÐ Ö1ÂÅÉÙ¿Ðcº3ÔÀV¾V¼ﬀ»
√
|V (n)|G˜±(n−m, k,κ)
√
V (m).
$1ÊJ½ﬀ¾ÂÀVÅV¼ÌV¼É¹ÝC¹½ﬀÒVØ¬Ä½¼¼ÌVÊJ¾¹½¼¾ÅV¼ÝÅ¹ÄÅ¹ÔëÖ1ÂÅÉÙ¿Ô
M±(k,κ)
Ì¾VÊÀÕ
ºJ½C¹ÁÓVÔÊJ½+º¼ﬀÜﬀ¼Çg¹Å¹CÓV¿½ﬀ¿ÄVÊºJÉÂÐËÖ1ÂÅÉÙ¿Ðá¹¾ÏÂ»-ÊJÅ½C¹
κ
Á3ÅVÊJÉ¼½¼¾V¼Çg¼É¾VÊºJ½Õ
ÅV¼ﬀºJ½ﬀ¿eÅÂÓVÔeº¼fÝÅ¹ÄVÊJÅ¿Ô»¿)Ág»ÅV¼;î6ÊºJ½ﬀÁÊ6¼ÌVÊJ¾¹½¼¾V¼Áqà	¿ÓVÒÜﬀÊJ¾½C¹CÕèÍ,»¿ÀV½C¹<
>
Ä¿½ﬀÆ"Á¹ÔÛï
1.4 ð
¿Ûï
1.5 ð
ØÝC¹Ì¿ßfÊ»
√
|V |R˜±0 (k,κ)
√
V = ∓(·, ϕ˜±)ϕ±
iκ
+M±(k,κ),
ï :ﬀ< B
ð
ÏÀÊ
ϕ+(n) =
√
|V (n)|ei(k/2−pi)n, ϕ˜+(n) =
√
V (n)ei(k/2−pi)n;
ϕ−(n) =
√
|V (n)|eikn/2, ϕ˜−(n) =
√
V (n)eikn/2.
7ÀÊºJÒf¾VÊJÝ;¼ÓVÒﬀÁÊJÅ½C¹ZÌ¾V¼À¼ÓVî6ÊJÅ¹ZÌV¼
κ
Å¹&Áﬀ½¼¾V¼ÇqÓV¿VºJ½Z¾¿V»/¹ÅV¼Á¼ÇaÌV¼ÁÊJ¾ÃÅV¼Õ
ºJ½ﬀ¿ºJÁ¼ﬀÊJÇÖ1ÂÅÉÙ¿VÊJÇeà	¾¿Å¹<
:ﬀ:;K ﬂg< .@<V')¼¾V¼Ý;¼Á¹
ﬁﬃﬂ "! #%$&#%')(+*,(,')ﬁ-"./')ﬁ-"(101. ﬂ 21ﬁ3*546(+7(121ﬁ 8ﬀ9:;9<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÷
(
ù
[54¸76%úSüßü¸Sû-âûS´- þ¸98¬ýSß´·Sµ:
dnµßýSµ6;
øù=<
!$#+>ﬀ?@BADC12
V =
∑
n∈ 
V (n) 6= 0.
E
'F%>B
;&-#+12.!,GH*+!$#+ﬀ12&ﬀ1JIKH212CK#+ ±4 cos(k/2) >ﬀI5
#%HL>ﬀ12'12C&
GH
ε
ﬀML#+ﬀ1L
 #+1N!,'
&OO>&ﬀ0
+!,'
&3
λ = λε
+!'12&ﬀ12
#+>&PQ-#R!'12.!
Hε(k),
>ﬀIS12.!,GH0ﬀ'! 
'#+>ﬀ-
UT.!V
λε = ±
[
4 cos(k/2) +
ε2V
2
8 cos(k/2)
+
+
ε3V
16 cos2(k/2)
∑
n∈ 
∑
m∈ 
V (n) |n−m|V (m)(∓i)|n−m|
]
+O(ε4).
<
!,OW12ﬀX
+!,'
'#+& A$!'ﬀﬀ?Y#+&&GZ"
[ﬀK"12C
4 cos(k/2)
ï\ﬀ12]

'#+12ﬀ1L
'#+&& −4 cos(k/2) ð AI-
ﬀI-#+12%I	'!, V > 0 ﬀ[ﬀ1L
'#+&&G9X&'CK#+&-#.
ï\ﬀ1L
'#+12ﬀ1L
'#+&&A^!$#%&'&ﬀﬀ
ð
A=_'!,
V < 0 `
!$#%&'&ﬀﬀ ï\ﬀ1L
'#+12]
ﬀ1L
'#+&&Aﬀ[ﬀ1L
'#+&&G9a&'CK#+&-#.
ðﬀb
?
¼É¹ÝC¹½ÊÓVÒºJ½ﬀÁ¼<V7	¹Ì¿ßfÊ»ëÂ¾¹ÁﬀÅVÊJÅ¿VÊqï
1.6 ð
é3ÌV¼ﬀ»-¼Ñ6ÒﬀÐñï
1.7 ð
ÁZÁﬀ¿ÀÊ
ϕ = ±ε(·, ϕ˜±)ϕ±
iκ
+ εM±(k,κ).
ï 8<H:
ð
?
ÓVÔÚÁºÊÃÚÀ¼ﬀºJ½C¹½¼ÄÅV¼»/¹CÓVÆÃ
ε > 0
¿äÁºÊÃ
κ
¿Ýg»/¹CÓ¼ÇÛ¼É¾VÊºJ½ﬀÅV¼ﬀºJ½ﬀ¿ÛÅÂÓVÔ
ÁﬀÆ"ÌV¼ÓVÅVÊJÅ¹g¼ÙVÊJÅÉ¹F
||εM±(k,κ)|| < 1.
?
ÓVÔm½C¹É¿Ã
ε
ÌV¼Ó¼;îZ¿V»
φ =
(
1 + εM±(k,κ)
)
ϕ
¿aÌVÊJ¾VÊJÌ¿ßfÊ»ÈÂ¾¹ÁﬀÅVÊJÅ¿VÊ^ï
2.1 ð
ÁZÁﬀ¿ÀÊ
φ = ±ε
(
[1 + εM±(k,κ)]
−1φ, ϕ˜±
)
ϕ±
iκ
.
ﬂ/ÓÊÀ¼Á¹½ÊÓVÒﬀÅV¼ØôÉÁﬀ¿Á¹CÓÊJÅ½ﬀÅÆ@»ëÂº Ó¼Áﬀ¿VÊ»ìºJÂÑfÊºJ½ﬀÁ¼Á¹Å¿Ôm¾VÊJßfÊJÅ¿Ô^Â¾¹ÁﬀÅVÊÕ
Å¿Ôâï
2.1 ð
ÔÁÓVÔÊJ½ºÔºJÂÑfÊºJ½ﬀÁ¼Á¹Å¿VÊ+¾VÊJßfÊJÅ¿ÔmÂ¾¹ÁﬀÅVÊJÅ¿Ô
F (κ, ε) = 0,
ï 8< 8
ð
#%Ü^¹ºJ¿V»Ì½¼½ﬀ¿ÉÊ&ÉÁ¹Ý¿Â¾V¼ÁﬀÅVÊJÇeÀVÁﬀÂÃÄ¹ºJ½ﬀ¿ÄÅV¼Ï;¼ZÀV¿VºJÉ¾VÊJ½ﬀÅV¼Ï;¼^¼ÌVÊJ¾¹½¼¾¹+:ﬀ:CB
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ÏÀÊ
F (κ, ε) = κ +±ε
([
1 + εM±(k,κ)
]−1
ϕ±, ϕ˜±
)
.
4&ÂÅÉÙ¿Ô
F
ÔÁÓVÔÊJ½ºÔ)¹Å¹CÓV¿½ﬀ¿ÄVÊºJÉ¼Ç)ÌV¼
κ
¿
ε,
Ì¾¿ÄVÊ»
F (0, 0) = 0,
∂F (0, 0)
∂κ
= 1 6= 0.
ﬁ
ÓÊÀ¼Á¹½ÊÓVÒﬀÅV¼ØÌV¼^½Ê¼¾VÊ»-Ê6¼gÅVÊJÔÁﬀÅV¼Ç)Ö1ÂÅÉÙ¿¿eÀÓVÔ)¹Å¹CÓV¿½ﬀ¿ÄVÊºJÉ¿ÃÚÖ1ÂÅÉÕ
Ù¿ÇmÅVÊºJÉ¼ÓVÒﬀÉ¿ÃaÌVÊJ¾VÊ»-ÊJÅÅÆÃâïöº»"<	æ ECç
ð
ÀÓVÔ^À¼ﬀºJ½C¹½¼ÄÅV¼Z»/¹CÓVÆÃ
ε
ºJÂÑfÊºJ½ﬀÁﬀÂÊJ½
ÊÀV¿ÅVºJ½ﬀÁÊJÅÅV¼ﬀÊq¾VÊJßfÊJÅ¿VÊ
κ = κ(ε)
Â¾¹ÁﬀÅVÊJÅ¿ÔËï
2.2 ð
Ø¹Å¹CÓV¿½ﬀ¿ÄVÊºJÉ¿ìÝC¹Áﬀ¿VºÔÕ
ÑfÊÊq¼½
ε.
!¹ÝJÓ¹Ï¹Ôë¼ÌVÊJ¾¹½¼¾ÅV¼ÝÅ¹ÄÅÂÐ Ö1ÂÅÉÙ¿Ð
M±(k,κ)]
−1 ÁÚ¾ÔÀìÌV¼
ºJ½ÊJÌVÊJÅÔ»
ε,
ÌV¼ÓVÂÄ¿V»
κ = ∓iε(ϕ±, ϕ˜±)± iε2
(
M±(k,κ)ϕ±, ϕ˜±
)
+ α(κ, ε),
ï 8< G
ð
ÏÀÊ |α(κ, ε)| 6 Cε3 ¿aÉ¼ÅVºJ½C¹Å½C¹ C ÅVÊ3ÝC¹Áﬀ¿VºJ¿½q¼½ κ ¿Ý+¼É¾VÊºJ½ﬀÅV¼ﬀºJ½ﬀ¿)ÅÂÓVÔ	<
êËºJ¿ÓVÂâï
2.3 ð
¿V»-ÊÊ»
κ = O(ε),
º ÓÊÀ¼Á¹½ÊÓVÒﬀÅV¼
M±(k,κ) = M±(k, 0) +O(κ) = M±(k, 0) +O(ε).
ï 8< I
ð
#ﬃÄVÊJÁﬀ¿ÀVÅV¼ØVÄ½¼ZÔÀV¾V¼Z¼ÌVÊJ¾¹½¼¾¹
M±(k, 0)
¿V»-ÊÊJ½gÁﬀ¿À
∓1
i
√
|V (n)| exp(i(kn∓ pin)/2) [ d
dκ
(
g(
κ
4 cos(k/2)
)
)|n−m|] ∣∣∣ c
=0
√
V (m) =
= ∓exp(i(kn∓ pin)/2)√|V (n)| |n−m| (∓i)|n−m|√V (m)
4 cos(k/2)
.
ï 8< A
ð
(3Ýqï
2.4 ð
Øï
2.5 ð
ÌV¼ÓVÂÄ¹Ê»
κ = ∓iε(ϕ±, ϕ˜±)∓ iε
2
4 cos k/2
∑
n∈ 
∑
m∈ 
√
|V (n)|ϕ˜±(n) |n−m|×
×(∓i)|n−m|
√
V (m) ϕ±(m) +O(ε
3) =
ï 8< K
ð
= ∓iε
∑
n∈ 
V (n)∓ iε
2
4 cos(k/2)
∑
n∈ 
∑
m∈ 
V (n)|n−m|V (m)(∓i)|n−m| +O(ε3).
ﬂ/ÓÊÀ¼Á¹½ÊÓVÒﬀÅV¼Ø
λ = ±4 cos(k/2)
√
1−
(
κ
4 cos(k/2)
)2
= ±4 cos(k/2)×
:ﬀ:;E ﬂg< .@<V')¼¾V¼Ý;¼Á¹
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×
(
1 +
(
ε
4 cos(k/2)
∑
n∈ 
V (n) +
iε2
16 cos2(k/2)
×
×
∑
n∈ 
∑
m∈ 
V (n)|n−m|V (m)(∓i)|n−m| +O(ε3)
)2
1
2
=
= ±
[
4 cos(k/2) +
ε2V
2
8 cos(k/2)
+
ε3V
16 cos2(k/2)
×
×
∑
n∈ 
∑
m∈ 
(∓i)|n−m|V (n)|n−m|V (m)
]
+O(ε4).
?
¹CÓÊÊﬀØ¿Ýeï
1.3 ð
¿
( 2.6 )
¿V»-ÊÊ»á¾¹ÁÊJÅVºJ½ﬀÁ¼aÅ¹^ÌVÊJ¾Á¼ﬀ»ÓV¿VºJ½Êf¾¿V»/¹ÅV¼Á¼Ç
ÌV¼ÁÊJ¾ÃÅV¼ﬀºJ½ﬀ¿ M :
±
√
λ2 − 16 cos2(k/2) = εV (n) + iε
2
4 cos(k/2)
×
×
∑
n∈ 
∑
m∈ 
V (n)|n−m|V (m)(∓i)|n−m| +O(ε3).
×
¼ô½¼ﬀ»ÂØ/Êº ÓV¿
V > 0
Ø½¼)ÁÜÓV¿Ý¿ë½¼ÄÉ¿
4 cos(k/2)
Ì¾¿È»/¹CÓVÆÃ
ε
Å¹CÕ
Ã¼ÀV¿½ºÔâº¼ﬀÜﬀºJ½ﬀÁÊJÅÅV¼ﬀÊZÝÅ¹ÄVÊJÅ¿VÊﬀØ¹^ÁÜÓV¿Ý¿ä½¼ÄÉ¿ −4 cos(k/2) d ¾VÊJÝ;¼Å¹ÅVºﬀØ¹
Êº ÓV¿
V < 0,
½¼fÅ¹¼ﬀÜﬀ¼¾V¼½<
>
½ﬀÁÊJ¾îfÀÊJÅ¿VÊa¼eÉ¾¹½ﬀÅV¼ﬀºJ½ﬀ¿ìÉÁ¹Ý¿Â¾V¼ÁﬀÅÔòº ÓÊÀVÂÊJ½Ú¿Ýq½¼Ï;¼ØÄ½¼)º¼ÏÓ¹ºJÅV¼
ï
2.1 ð φ = Cϕ±.
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